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SMOOTHING MAPS INTO ALGEBRAIC SETS AND SPACES OF
FLAT CONNECTIONS
THOMAS BAIRD AND DANIEL A. RAMRAS
Abstract. Let X ⊂ Rn be a real algebraic set and M a smooth, closed
manifold. We show that all continuous maps M → X are homotopic (in X)
to C∞ maps. We apply this result to study characteristic classes of vector
bundles associated to continuous families of complex group representations,
and we establish lower bounds on the ranks of the homotopy groups of spaces
of flat connections over aspherical manifolds.
1. Introduction
The first goal of this paper is to prove the following result about the differential
topology of algebraic sets.
Theorem 1.1 (Section 2). Let X ⊂ Rn be a (possibly singular) real algebraic set,
and let f : M → X be a continuous map from a smooth, closed manifold M . Then
there exists a map g : M → X, and a homotopy H : M × I → X connecting f and
g, such that the composite M
g
→ X →֒ Rn is C∞.
The problem of smoothing maps into algebraic sets seems natural, but we have
not found mention of it in the literature. We consulted several experts in real
algebraic geometry; some expected our result to hold, and some did not.1
Our proof proceeds by embedding X as the singular set of an irreducible, quasi-
projective variety Y and using a resolution of singularities Y˜ → Y for which the
inverse image of X is a divisor with normal crossing singularities. Basic facts about
neighborhoods of algebraic sets then reduce the problem to the case of normal
crossing divisors, which can be handled by differential-geometric means. We note
that a small modification of our arguments can prove a version of this result for
smoothing out maps from non-compact manifolds into compact algebraic sets.
In the remainder of the paper, we apply Theorem 1.1 to study the topology of
spaces of flat connections over aspherical manifolds and their associated moduli
spaces. In particular, given a discrete group Γ such that BΓ has the homotopy
type of a finite CW complex, we study the functorial map
(1) Hom(Γ, GLn(C))
B
−→ Map∗(BΓ, BGLn(C)),
The first author was partly supported by an NSERC discovery grant. The second author was
partially supported by NSF grants DMS-0804553 and DMS-0968766 and a Collaboration Grant
from the Simons Foundation.
2010 Mathematics Subject Classification. Primary 14P05, 53C05; Secondary 57R20, 55R37.
1The question of whether a continuous map from a compact smooth variety X into a variety Y
is homotopic to a regular map has been considered by several authors, and in general the answer
is negative [1, 7, 15].
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from the space of complex-valued group homomorphisms to the space of based
continuous maps between classifying spaces. If BΓ is homotopy equivalent to a
smooth manifold, then (1) may be interpreted as the inclusion of the moduli space
of based flat connections into the moduli space of based connections. We prove
Theorem 1.2 (Section 4). Let Γ be a discrete group such that BΓ has the homotopy
type of a finite, d–dimensional CW complex and let βk(BΓ) = Rank(H
k(BΓ;Q)).
Then for each ρ ∈ Hom(Γ,GLn(C)) and each m > 0, the induced map on homotopy
groups
B∗ : πm (Hom(Γ,GLn(C)), ρ)→ πm (Map∗(BΓ, BGLn(C)), Bρ)
satisfies Rank(coker(B∗)) >
∑∞
i=1 βm+2i(BΓ) so long as n > (m+ d)/2.
The strategy behind the proof of Theorem 1.2 is as follows. The space BGLn(C)
classifies Cn-vector bundles, so an element in πm (Map∗(BΓ, BGLn(C)), Bρ) deter-
mines a vector bundle (up to isomorphism) over Sm×BΓ. Those classes lying in the
image of B∗ correspond to vector bundles over S
m×BΓ which admit a connection
that is “flat in the BΓ direction.” We then deduce, using Chern-Weil theory, that
certain Chern classes of these bundles must vanish (see Theorem 3.5). Theorem 1.1
is necessary to make this argument rigorous: to construct the desired connection
on the bundle associated to B∗([ψ]), we must smooth out the underlying map ψ
from Sm into the (usually singular) algebraic set Hom(Γ,GLn(C)).
In Section 5.2, we prove the following consequence of Theorem 1.2 (recall that
U(n) is the maximal compact subgroup of GLn(C)).
Corollary 1.3 (Section 5.2). Let M be a closed, smooth, aspherical manifold of
dimension d, and let E →M be a flat principal U(n)–bundle over M . Let Aflat(E)
denote the space of flat, unitary connections on E. Then for each A0 ∈ Aflat(E)
and for each 0 < m 6 2n− d− 1, we have
Rank (πm(Aflat(E), A0)) >
∞∑
i=1
βm+2i+1(M).
Additionally, if
∑∞
i=1 β2i+1(M) > 0 and 2n−d−1 > 0, then Aflat(E) has infinitely
many path components.
In particular, the space of flat connections on a flat U(n)–bundle (n > 2) over an
orientable aspherical 3–manifold has infinitely many path components. This result
appears to be new, even for the trivial bundle on the 3–torus, and is in contrast with
the case of bundles over surfaces. There, Yang–Mills theory shows that Aflat(E) is
highly connected with respect to the rank of E (see Ramras [19, Proposition 4.9],
for instance). One fundamental difficulty in proving Corollary 1.3 is that the space
of flat connections is not smooth (even in an infinite-dimensional sense) and hence
it is unclear whether paths in this space are always homotopic to smooth paths.
The methods developed in this paper (Theorem 1.2 in particular) also have
applications to the study of Quillen–Lichtenbaum phenomena in the stable topology
of representation spaces, as observed for products of surface groups in Ramras [20].
In fact, the desire to understand these phenomena gave rise to the present work.
These topics will be discussed in detail elsewhere.
Organization: In Section 2, we establish our results about maps into real algebraic
sets, which are applied to study the characteristic classes in Section 3. Theorem 1.2
is proven in Section 4, and spaces of flat connections are studied in Section 5.
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2. Smoothing maps into real algebraic sets
The goal of this section is to prove the following result.
Theorem 2.1. Let i : X →֒ Rn be a real algebraic set and let M be a smooth
manifold. Assume that either X or M is compact. Then for every continuous map
φ : M → X there exists a map φ′ : M → X homotopic to φ such that i ◦ φ′ is
smooth.2
The following example helps illustrate the subtlety of Theorem 2.1. Consider
the subspace X ⊂ R2 defined as the union of the graph
{(x, y) | y = x sin(1/x), x ∈ [−1/π, 0) ∪ (0, 1/π]} ∪ {(0, 0)}
with the polygonal path traveling from (−1/π, 0) to (−1/π, 1) to (1/π, 1) to (1/π, 0).
The subspace X is homeomorphic to S1, so π1(X) ∼= Z. However, the non-trivial
elements of π1(X) cannot be represented by smooth maps φ : S
1 → X because
the curve x sin(1/x) has infinite arc length. Note, moreover, that just as with the
real algebraic sets considered in Theorem 2.1, it is possible to triangulate R2 with
X as a subcomplex. This follows from the Schoenflies Theorem (see, for instance,
Moise [17, Chapter 10, Theorem 4]) but can in fact be done quite explicitly.
For the proof of Theorem 2.1, we assume that M is compact, which is the only
case needed in the paper; the argument is similar when X is compact but M is not.
Lemma 2.2. Let X ⊂ Rn be a real algebraic set. There exists an irreducible real
algebraic set Y ⊂ Rn+2 such that Y is homeomorphic to Rn+1 and the projection
map π : Rn+2 = Rn ⊕ R2 → Rn restricts to a homeomorphism
π : Sing(Y )
∼=
−→ X.
Proof. We may suppose that X is equal to the zero set of a single polynomial
p = p(x1, . . . , xn), that is:
X = Z(p).
Introduce new variables y1, y2 and consider the polynomial g(x, y) = p(x)
2 +
y21 + y
3
2 . Define
Y = Z(g).
It is not hard to verify that the corresponding inclusion Rn →֒ Rn+2 identifies
X bijectively with the singular locus of Y , so the projection onto Rn identifies
Sing(Y ) ∼= X .
Given x1, . . . , xn, y1 ∈ R, the formula y2 = (g(x, y) − p(x)2 − y21)
1/3 gives the
unique solution to g(x, y) = 0. Hence Y is homeomorphic to Rn+1. Furthermore,
the polynomial g(x, y) is irreducible, since its reduction y21 + y
3
2 is irreducible (see,
for example, Dummit and Foote [2, Section 9.1]). 
2We use Euclidean topology throughout, except that “irreducible algebraic set” means irre-
ducible in the Zariski topology. We will identify all real algebraic sets with their real points
throughout this section.
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In particular, a map into X is smooth as a map into Rn if and only if the
corresponding map into Sing(Y ) is smooth as a map into Rn+2. We identify X
with Sing(Y ) in what follows. The following version of Hironaka’s resolution of
singularities theorem appears in Kolla´r [14, Theorem 3.27].
Theorem 2.3. Given a quasiprojective real algebraic variety Y ⊂ Rn+2 with sin-
gular set X, there exists a nonsingular real algebraic variety Y˜ and a birational and
projective morphism
Π : Y˜ → Y
which restricts to an isomorphism over Y − X and for which X˜ := Π−1(X) is a
divisor with simple normal crossings.
Morphism here means regular map, which in particular means that Π is smooth
as a map Y˜ → Rn+2. The statement that Π is projective implies that it is proper
in the Euclidean topology (this is well known over C and follows over R by taking
fixed points of complex conjugation). The simple normal crossing condition (plus
properness) implies that X˜ is a finite union of embedded, boundary-free, connected
submanifolds of codimension 1, intersecting transversely.
Lemma 2.4. Let notation be as in Theorem 2.3, and let M be a finite simplicial
complex. Then for every continuous map f : M → X, there exists a continuous
map g :M → X˜ for which Π ◦ g is homotopic to f .
Proof. Choose Y as in the proof of Theorem 2.3. Since M is compact, the image
f(M) ⊆ X ⊆ Y ⊆ Rn+2 is also compact. Choose a sufficiently large closed ball
B ⊂ Rn+2 so that f(M) ⊆ B ∩X . Then B ∩X is a compact semi-algebraic subset
of Rn+2, so by Durfee [3] there exists an open U ⊃ B ∩ X for which inclusion is
a homotopy equivalence. Furthermore, Π−1(B ∩ X) is a compact, semi-algebraic
subset of the non-singular variety Y˜ so using the method of rug functions from [3],
U may be chosen so that Π−1(U) deformation retracts to Π−1(B ∩X). We are left
with a commuting diagram
(2) Π−1(B ∩X)

// Π−1(U)

B ∩X // U
where the horizontal arrows are homotopy equivalences and the vertical maps are
restrictions of Π.3 Since f(M) ⊂ B ∩X is compact, for a sufficiently small ǫ > 0,
f is homotopic, as a map into U , to
fǫ :M → U, fǫ(m) = (f(m), ǫ
3,−ǫ2).
In fact, since fǫ(M) ⊂ Y \X and Π restricts to homeomorphism Y˜ \X˜ ∼= Y \X , there
exists a unique map gǫ : M → Π
−1(U) with Π ◦ gǫ = fǫ. Because the horizontal
arrows of (2) are homotopy equivalences, this implies the existence of g. 
To summarize: For each real, affine set X and each map f :M → X we may lift
to a map g :M → X˜ such that Π◦g is homotopic to f (in X). If g can be deformed
3One may establish the existence of such a diagram using the theory of regular neighborhoods,
as presented in Hudson–Zeeman [13], instead of the theory of rug functions.
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inside X˜ to a smooth map h, then Π ◦ h is smooth and homotopic to f . Thus to
prove Theorem 2.1 it suffices to prove the special case that X is a simple normal
crossing divisor. In terms of the underlying smooth manifolds, we may restrict to
the case that Y is a smooth manifold without boundary and X ⊂ Y is a union
X =
N⋃
i=1
Mi
where each Mi is an embedded, connected manifold (without boundary) of codi-
mension one in Y , and Y may be covered by coordinate neighbourhoods whose
intersection with X is a union of coordinate hyperplanes.
Lemma 2.5. Let Y be a non-singular irreducible real algebraic set and let X ⊂ Y
be a simple normal crossing divisor as above. For each i ∈ 1, . . . , N , let
πi : νi →Mi
be the (one-dimensional) normal bundle of Mi in Y . Then there exists a smooth
tubular neighbourhood map
φi : νi →֒ Y
such that for all j 6= i, we have φi(n) ∈Mj ⇔ φi(πi(n)) ∈Mj.
Proof. Consider first the situation where the normal bundle νi is trivial, so that
νi ∼= Mi × R. Choose an integrable, smooth vector field V ∈ X(Y ), which is
transverse to Mi but is tangent to Mj for all j 6= i. Because ∪
n
i=1Mi looks locally
like a union of coordinate hyperplanes, such a V is easily constructed by gluing
together locally defined vector fields using a partition of unity. Then V integrates
a one-parameter group of diffeomorphisms Φ : Y ×R→ Y preserving Mj for j 6= i.
The restriction Φ|Mi×R : Mi × R → Y sends Mi × {0} diffeomorphically onto Mi
and is regular along Mi × {0} because V is transverse to Mi. By a version of the
inverse function theorem (Guillemin-Pollack [10, 1.8 Exercise 14]), Φ|Mi×R restricts
to a diffeomorphism between a tubular neighbourhood of Mi × {0} in Mi × R and
a tubular neighbourhood of Mi in Y . Identifying νi with a tubular neighbourhood
in Mi × R completes the argument.
Now consider the case that νi is non-orientable. Let ρ : M˜i → Mi be a double
covering map with ρ∗νi trivial ( M˜i may be taken to be the unit sphere bundle in
νi for some metric on νi). Let Mi ⊂ U be an open tubular neighbourhood of Mi in
Y . Taking the corresponding cover of U , we may form the commutative diagram
M˜i //
ρ

U˜
ρU

Mi // U
where ρ and ρU are two-fold coverings with deck transformation τ , and the hori-
zontal maps are τ -equivariant embeddings for which M˜i has trivial normal bundle.
The preimage ρ−1U (X ∩ U) is a normal crossing divisor in U˜ containing M˜i.
As before, choose a smooth vector field V ∈ X(U) which is transverse to M˜i
and tangent to ρ−1U (Mj) for j 6= i. Replacing V by
1
2 (V − τ∗(V )), we may assume
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that τ∗(V ) = −V . Proceeding as before, we obtain a τ -equivariant submersion
φ˜i : ρ
∗νi → U˜ . This descends to a tubular neighbourhood map
φi : νi ∼= (ρ
∗νi)/τ → U ⊆ Y
satisfying the requirements of the theorem.

Proof of Theorem 2.1. It suffices to consider the case of that X =
⋃N
i=1Mi is a
simple normal crossing divisor in a non-singular, irreducible real algebraic set Y .
The proof proceeds by constructing an open (weak) deformation retraction neigh-
bourhood U of X such that the retraction r : U → X is smooth as a map to Y .
Since any continuous map f :M → X is homotopic to a smooth map f ′ :M → U ,
the composition r ◦ f ′ is smooth and homotopic to f .
Choose a tubular neighbourhood φi : νi → Y for each Mi as in Lemma 2.5 and
choose a smooth inner product on νi. Define the map hi : νi → νi by (m, v) →
(m, s(|v|2)v) where s : R→ R is a smooth map such that s(x) = 0 for |x| < 1 and
s(x) = 1 for |x| > 2. Extending φi ◦ hi ◦ φ
−1
i by the identity map determines a
smooth map Hi : Y → Y such that
• Hi(Ui) = Mi for some open neighbourhood Ui of Mi,
• Hi(X) ⊆ X , and
• Hi|X is homotopic to the identity on X .
The composition H1 ◦ · · · ◦HN sends the open neighbourhood
V =
N⋃
i=1
(Hi+1 ◦ · · · ◦HN )
−1(Ui)
to X . Taking any (possibly smaller) neighbourhood X ⊂ U ⊆ V such that U
deformation retracts to X completes the proof. 
3. Characteristic classes of flat families
Let Γ be a discrete group, let G be a Lie group, and let Hom(Γ, G) denote
the space of all homomorphisms from Γ to G, with the subspace topology inherited
from product topology on GΓ. A continuous map ρ : X → Hom(Γ, G) will be called
an X–family of representations (or simply an X–family), and we set ρx = ρ(x). We
say that an X–family ρ is smooth if X is a smooth manifold and for each γ ∈ Γ,
the map X → G given by x 7→ ρx(γ) is smooth.
We now associate a principal G–bundle to each X–family. Given a based CW
complex (N,n0), let N˜ denote the universal cover of N . We view N˜ as the set
(appropriately topologized) of based homotopy classes 〈l〉 of paths l : [0, 1] → N
with l(1) = n0 (the opposite convention is commonly used, e.g. in Hatcher [11,
Section 1.3]). The constant path at n0 will be denoted n˜0, and the projection
q : (N˜ , n˜0) → (N,n0) given by evaluation at 0 is a right principal (π1(N,n0))–
bundle, with right action given by 〈l〉 · 〈α〉 = 〈l✷α〉 for any loop α based at n0 (here
l✷α denotes the concatenated loop tracing out l first and then α).
Associated to an X–family ρ of representations of π1(N,n0), we can now build
a right principal G–bundle
Eρ(N) = (X × N˜ ×G)/π1(N,n0)
π
−→ X ×N
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where γ ∈ π1(N,n0) acts by (x, n˜, g) · γ = (x, n˜ · γ, ρx(γ)
−1g), and π is given
by π([x, n˜, g]) = (x, q(n˜)). If X and N are smooth manifolds and ρ is a smooth
X–family, then this action of π1(N,n0) is smooth, properly discontinuous, and G–
equivariant, so the orbit space Eρ(N) inherits (in a canonical fashion) the structure
of a smooth principal G–bundle over (X × N˜)/π1(N,n0) ∼= X ×N .
If Γ is a discrete group, we set Eρ := Eρ(BΓ), where BΓ is the simplicial model
for the classifying space of Γ (i.e. BΓ is the geometric realization of Γ viewed as
a category with one object). Let EΓ → BΓ denote the simplicial model for the
universal principal Γ–bundle. We use the conventions described in Ramras [18,
Section 2], so that this is a right principal Γ–bundle. Universality of EΓ yields a
Γ–equivariant homeomorphism B˜Γ→ EΓ (covering the identity on BΓ). Hence we
have an isomorphism of principal G–bundles over BΓ:
Eρ = (X × B˜Γ×G)/Γ ∼= (X × EΓ×G)/Γ.
This alternate description of Eρ will be useful due to its relationship with the
(simplicial) universal principal G–bundle EG→ BG.
We now record some basic properties of these constructions.
Lemma 3.1. Let (N,n0) and (N
′, n′0) be based, connected CW complexes and let
ρ and ρ′ be X–families of representations of π1(N,n0).
(1) Given maps (N ′, n′0)
g
→ (N,n0) and X
′ f→ X, there is an isomorphism
(f × g)∗(Eρ(N)) ∼= Eg#◦ρ◦f (N
′)
of principal G–bundles over X ′ ×N ′, where
g# : Hom(π1(N,n0), G) −→ Hom(π1(N
′, n′0), G)
is the map induced by composition with g∗ : π1(N
′, n′0)→ π1(N,n0).
(2) If ρ and ρ′ are homotopic, then Eρ(N) ∼= Eρ′ (N).
Proof. The map f induces a map f˜ : (N˜ , n˜0) −→ (N˜ ′, n˜′0), defined by f˜(〈l〉) = 〈f◦l〉,
and f˜ is equivariant in the sense that f˜(n˜ · γ) =
(
f˜(n˜)
)
· f∗(γ) for each n˜ ∈ N˜ and
each γ ∈ π1(N,n0). This proves (1). Part (2) follows from the Bundle Homotopy
Theorem, because if H : X × I → Hom(Γ, G) is a homotopy from ρ to ρ′, then
EH(N)→ X × I ×N is a bundle homotopy between Eρ(N) and Eρ′(N). 
Let S be a finite generating set for Γ, with cardinality s, and let G = GLn(C).
Then the image of the restriction map Hom(Γ,GLn(C)) → (GLn(C))s is a real
algebraic subset of (GLn(C))s, which is itself a real algebraic subset of R4n
2s via
the homeomorphism
(3) GLn(C) ∼= {(A,B) ∈ (Mn(C))
2 |AB = In} ⊂ C
2n2 ⊂ R4n
2
.
If X is a smooth manifold, Theorem 2.1 guarantees that every X–family ρ is homo-
topic (through X–families of representations) to a smooth X–family (the notion of
smoothness from Section 2, which depends on the embedding (3) and the choice of
generating set, agrees with the more intrinsic notion of smoothness introduced at
the start of this section; this follows easily from the fact that inversion in GLn(C)
is a smooth map). The same is true for G = U(n).
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Definition 3.2. If X and M are smooth manifolds and E → X ×M is a smooth
principal GLn(C)–bundle, we say that a connection on E is fiberwise flat if its
restriction to each slice {x} ×M is a flat connection (x ∈ X). We define fiberwise
flat connections for families of U(n)–bundles in the analogous manner. (We think
of E as a family, parametrized by X, of bundles over M .)
Lemma 3.3. If X and M are smooth manifolds and
ρ : X → Hom(π1(M,m0),GLn(C))
is a smooth family of representations, then the bundle Eρ(M) admits a fiberwise
flat connection whose holonomy over {x}×M (computed at [x, m˜0, I] ∈ Eρ(M)) is
precisely ρ(x). The analogous result holds in the unitary case.
Proof. In the Ehresmann formulation, a connection on a GLn(C)-bundle P is a
GLn(C)–invariant splitting TP = V +H into a sum of smooth subbundles, where
V is the vertical bundle tangent to the fibers of P . We call H the horizontal bundle.
Let E˜ = X×M˜×GLn(C), and let D˜ ⊂ T E˜ be the smooth subbundle of tangents
to the submanifolds {x}×M˜×{A} for all fixed (x,A) ∈ X×GLn(C). Then D˜ is in-
variant under both GLn(C) and Γ, so it descends to a smooth, GLn(C)-equivariant
subbundle D ⊂ TEρ(M), which intersects the vertical bundle V ⊂ TEρ(M) triv-
ially. The total space of Eρ(M) admits a GLn(C)–invariant Riemannian metric4,
and relative to this metric, we define an Ehresmann connection
H := D + (D + V )⊥
on Eρ(M). The restriction of H to a slice {x} ×M ⊂ X ×M is a flat connection
on Eρ(x), and we must show that the holonomy of this connection (computed at
[x, m˜0, I] ∈ Eρ(x)(M)) is precisely ρ(x). To check this, note that for any loop
α : ([0, 1], {0, 1})→ (M,m0), the horizontal lift of α to Eρ(M) is simply
t 7→ [x, α˜(t), I],
where α˜ is the unique lift of α to M˜ satisfying α˜(0) = m˜0. We now have
[x, α˜(1), I] · ρx([α]) = [x, α˜(1), ρx([α])] = [x, α˜(1) · [α]
−1, I] = [x, m˜0, I]
as desired. (The last equality relies on the choice made in defining M˜ .) 
We need the following basic result regarding cohomology in characteristic zero.
Lemma 3.4. Let Y be a topological space. Then there exists a set of smooth, closed
manifolds {Mk}k∈K , and a map f : M :=
∐
kMk → Y such that for each j > 0,
f∗ : Hj(Y ;Q)→ Hj(M ;Q) ∼=
∏
k
Hj(Mk;Q)
is injective. If Hj(Y ;Q) = 0 for j > m, we can assume dim(Mk) 6 m for all k.
Proof. Choose a basis {xk}k for H∗(Y ;Q) =
⊕
j>0Hj(Y ;Q) as an Q–vector space.
By Thom’s theorem [22] (see also Ga˘ıfullin [5, 6]) for each k there exists a map
fk : Mk → Y , withMk a closed, smooth, orientable manifold, such that (fk)∗([Mk]) =
qkxk for some non-zero qk ∈ Q (where [Mk] is the fundamental class), and if
4To construct such a metric on a principal G–bundle P over a manifold N , where G is a Lie
group, note that if P is trivial over U ⊂ N then T (P |U ) ∼= T (U)× Te(G)×G, and any choice of
metric on T (U)⊕ (Te(G)× U) gives rise, under translation by G, to a G–invariant inner product
on T (P |U ). These inner products can be pasted together using a partition of unity on N .
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Hj(Y ;Q) = 0 for j > m, then dim(Mk) 6 m. Letting (fk)∨∗ denote the Q–
linear dual of (fk)∗, the Universal Coefficient Theorem for cohomology yields a
commutative diagram
Hj(Y ;Q)
∼= //
∏
k(fk)
∗

HomQ(Hj(Y ;Q),Q)
∏
k(fk)
∨
∗
∏
kH
j(Mk;Q)
∼= //
∏
k HomQ(Hj(Mk;Q),Q).
Since qk 6= 0 for all k, the map
∏
k(fk)
∨
∗ is injective, and from the diagram,
∏
k(fk)
∗
is injective also. Finally, M
∐
k fk−−−−→ Y induces
∏
k(fk)
∗ under the isomorphism
Hj(M ;Q) ∼=
∏
kH
j(Mk;Q). 
We now come to the main result of this section. This result extends a result of
Grothendieck [9, Corollaire 7.2], which corresponds to the case X = {∗}. We will
say that a space Y has finite type if Hj(Y ;Z) is finitely generated for each j > 0.
Theorem 3.5. Let Z be a path connected topological space and let
ρ : X → Hom(π1(Z, z0),GLn(C))
be a family of representations parametrized by a space X with Hj(X ;Q) = 0 for
j > m. Assume that either X or Z has finite type. Then for i > 0, the classes
cm+i(Eρ(Z)) ∈ H
2m+2i(X × Z;Z)
map to zero in H2m+2i(X × Z;Q).
In particular, if Γ is a finitely generated discrete group and Hj(X ;Q) = 0 for
j > m, then for any map ρ : X → Hom(Γ,GLn(C)), the classes cm+i(Eρ) ∈
H2m+2i(X ×BΓ;Z) (with i > 0) map to zero in H2m+2i(X ×BΓ;Q).
Proof. In the proof, H∗(−) will denote rational cohomology. By abuse of notation,
we denote the images of Chern classes in de Rham cohomology by ci(−).
We begin by reducing to the case in whichX and Z are closed, connected, smooth
manifolds. By Lemma 3.4, there exist families of smooth, closed manifolds {Mk}k
and {Nj}j (with dim(Mk) 6 m for each k), and maps Mk
fk
−→ X and Nj
gj
−→ Z
such that f =
∐
k fk and g =
∐
j gj induce injections on H
∗(−). By the Ku¨nneth
Theorem for cohomology (Spanier [21, Theorem 5.6.1]), the map
H∗(X × Z)
∐
k,j(fk×gj)
∗
−−−−−−−−−→ H∗
∐
k,j
Mk ×Nj
 ∼=∏
k,j
H∗(Mk ×Nj)
is injective also. Hence to show that a class in x ∈ H∗(X × Z) is zero, it suffices
to show that (fk × gj)
∗(x) = 0 for all k, j. Since Z is path connected and the Nj
are smooth manifolds, we may assume that z0 is in the image of gj for each j (by
replacing gj with a homotopic map if necessary).
By part (1) of Lemma 3.1, we have
(fk × gj)
∗(cm+i(Eρ(Z))) = cm+i(Eg#j ◦ρ◦fk
(Nj)).
Assuming the theorem for the connected, closed, smooth manifolds Nj and Mk,
we see that (fk × gj)
∗(cm+i(Eρ(Z))) = 0 for each i > 0 and each j, k. Hence
cm+i(Eρ(Z)) = 0 in H
∗(X × Z;Q).
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Now we consider the case in which Z and X are closed, connected, smooth
manifolds. Let Γ = π1(Z, z0), and note that Γ is finitely generated, so as above we
may view Hom(Γ,GLn(C)) as a real algebraic set. By Theorem 2.1 and part (2) of
Lemma 3.1, we may assume without loss of generality that ρ is smooth.
We apply Chern-Weil theory to the fiberwise flat connection H on Eρ(Z) guar-
anteed by Lemma 3.3. Choose local coordinates {x1, . . . , xm, z1, . . . , zp} on X × Z
such that the slices {x} × Z are defined locally by setting the xi coordinates equal
to constants. The curvature of H is defined locally by an n× n matrix F of differ-
ential 2–forms Fi,j ∈ Γ(∧
2(T ∗(X×Z))⊗C). The fact H is flat along slices {x}×Z
implies that Fi,j is a (local) section of the subbundle of ∧
2(T ∗(X×Z)⊗C) spanned
by sections of the form dxi∧dxj and dxi∧dzj . Consequently, any product of m+1
matrix entries from F vanishes. The Chern-Weil form representing cm+i(Eρ(Z)) is
a symmetric polynomial of degree m+ i in the entries of F . It follows that for i > 0
the Chern class cm+i(Eρ(Z)) is represented in de Rham cohomology by the zero
form, and hence cm+i(Eρ(Z)) = 0 in H
∗(X×Z;R) (and also in H∗(X×Z;Q)). 
4. Proof of Theorem 1.2
Let Γ be a discrete group. Consider the natural map
(4) Hom(Γ,GLn(C))
B
−→ Map∗(BΓ, BGLn(C))
sending ρ : Γ → GLn(C) to the induced map Bρ : BΓ → BGLn(C) between sim-
plicial classifying spaces. Note that this map can be defined analogously for any
Lie group G, and is always continuous (see Ramras [20, Section 3]).
Lemma 4.1. Let X be a space, let Γ be a discrete group, and let G be a Lie group.
For every family of representations ρ : X → Hom(Γ, G), the principal G–bundle
Eρ → X ×BΓ is classified by the composite
X ×BΓ
ρ×Id
−−−→ Hom(Γ, G)×BΓ(5)
B×Id
−−−→ Map∗(BΓ, BG) ×BΓ
ev
−→ BG.
Proof. For each point x ∈ X , the homomorphism ρx = ρ(x) induces a map
E(ρx) : EΓ → EG between the simplicial models for the universal bundles (we
use the conventions described in Ramras [18, Section 2]). This map is equivariant
with respect to the right actions of Γ and G on these bundles, in the sense that for
each γ ∈ Γ we have E(ρx)(e · γ) = (E(ρx)(e)) · ρx(γ).
We now have a commutative diagram
(6) Eρ
u˜ρ
//

EG

X ×BΓ
uρ
// BG,
where uρ is the composition (5) and the map u˜ρ is defined by u˜ρ([x, e, g]) =
(E(ρx)(e)) · g. Equivariance of E(ρx) implies that u˜ρ is well-defined. Furthermore,
u˜ρ is G–equivariant, so Diagram (6) is a pullback diagram. 
We write ci for the ith Chern class, considered as a rational cohomology class,
and we will write Ch for the Chern character.
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Lemma 4.2. Let X be a finite CW complex. Given m > 0 and x ∈ H2i(Sm ∧
X ;Q), there exists a class φ ∈ K0(Sm∧X) such that ci(φ) = qx for some non-zero
rational number q ∈ Q∗, and cj(φ) = 0 for j 6= i.
Proof. Since Ch: K0(Sm ∧ X) → Heven(Sm ∧ X ;Q) is a rational isomorphism,
there exists φ ∈ K0(Sm∧X) such that Ch(φ) = qx for some q ∈ Q∗. By definition,
Ch(φ) is a polynomial in the Chern classes of φ, but since all cup products in
H∗(Sm ∧X ;Q) are zero, Ch(φ) is just a rational linear combination of the Chern
classes of φ and the result follows. 
Proof of Theorem 1.2. The map BGLn(C)→ BGLn+1(C) is (2n+1)–connected,
and analyzing the cofiber sequences
∨
Sk−1 → X(k−1) → X(k) associated to the
skeletal filtration of a d–dimensional CW complex X , one can show by induction
on d that for any compatible basepoints and any 0 6 m 6 2n− d,
(7) πmMap∗(X,BGLn(C)) ∼= πmMap∗(X,BGL∞(C)) ∼= K˜
−m(X).
We begin by considering B∗ with respect to the trivial basepoints, namely the
trivial representation 1 and c = B(1), which is the constant map to the basepoint
of BGLn(C). For each i > 1, choose a Q–basis
{aij}j ⊂ H
m+2i(BΓ;Q) ∼= H2m+2i(Sm ∧BΓ;Q).
By Lemma 4.2, there exist classes Aij ∈ K
0(Sm ∧BΓ) such that
cl(Aij) =
{
qijaij for some qij ∈ Q∗, if l = m+ i,
0, if l 6= m+ i.
Note that without loss of generality, we may assume Aij ∈ K˜
0(Sm ∧BΓ). Set
A = SpanZ({Aij}i,j) ⊂ K˜
0(Sm ∧BΓ) ∼= πm(Map∗(BΓ, BGLn(C)), c).
Since {Ch(Aij)}i,j = {qijaij}i,j is linearly independent over Q, A is a free abelian
group of rank
∑∞
i=1 βm+2i(BΓ), so to complete the proof in this case it suffices to
check that A ∩ Im(B∗) = {0}.
If x =
∑
i,j nijAij is a non-trivial linear combination of the Aij , then
Ch(x) =
∑
i,j
nijCh(Aij) =
∑
i,j
nijqijaij 6= 0.
Note that Ch(x) lies in
⊕∞
i=1H
2m+2i(Sm ∧ BΓ;Q), and as observed above Ch(x)
is a rational linear combination of the Chern classes cj(x). Hence for some i > 0
cm+i(x) ∈ H
2m+2i(Sm ∧BΓ;Q)
must be non-zero. On the other hand, by Lemma 4.1, classes in the image of
B∗ classify bundles of the form Eρ, and by Theorem 3.5 we have cm+i(Eρ) ∈
H∗(Sm ×BΓ;Q) is trivial for i > 0. So A ∩ Im(B∗) = {0}.
Now consider general basepoints ρ and Bρ. Using the isomorphisms (7), we
may translate A to a subgroup Aρ ⊂ πm(Map∗(BΓ, BGLn(C)), Bρ) using Whitney
sum with q∗(Eρ), where q : S
m × BΓ → BΓ is the projection. Since Eρ is flat,
ci(Eρ) = 0 ∈ H
2i(BΓ;Q), and the same is true for ci(q∗(Eρ)). Hence for each
non-zero class a ∈ Aρ we again have cm+i(a) 6= 0 for some i > 0, and the rest of
the proof proceeds as above. ✷
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5. The space of flat connections
In this section, we use Theorem 1.2 to study the homotopy types of spaces of flat
connections on principal U(n)–bundles over closed, aspherical, smooth manifolds.
5.1. Homotopy pullbacks. We review some definitions and basic facts.
Definition 5.1. The homotopy pullback of a diagram X
f
−→ Y
g
←− Z is the space
P = P(X → Y ← Z) = {(x, γ, z) ∈ X × Y I × Z | γ(0) = f(x), γ(1) = g(z)},
topologized as a subspace of X × Y I × Z, where Y I = Map([0, 1], Y ). Given a
commutative square
(8) W //
h

Z
g

X
f
// Y,
there is a natural map W → P. If this map is a weak equivalence (meaning that
it induces an isomorphism on homotopy groups for all compatible choices of base-
points), we call the diagram (8) homotopy cartesian.
Definition 5.2. The homotopy fiber of a continuous map f : X → Y at a point
y ∈ Y is the space hofiby(f) = P(X
f
−→ Y ← {y}).
For any compatible choice of basepoints, there is a long exact sequence
(9) · · · −→ π∗hofiby(f) −→ π∗X −→ π∗Y
∂
−→ π∗−1hofib(f) −→ · · ·
resulting from the fact that hofiby(f) is the fiber (over y) of the fibration
Pf = P(X
f
−→ Y
Id
←− Y )
pf
−→ Y
associated to f (here pf is the projection to the last factor). If Y is disconnected
(which is often the case for representation spaces), then hofiby(f) depends only on
the inverse image, under f , of the path component [y] of Y containing y:
(10) hofiby(f) = hofiby(f |f−1([y])).
Proposition 5.3. The square (8) is homotopy cartesian if and only if the natural
map hofibx(h)→ hofibf(x)(g) is a weak equivalence for each x ∈ X.
This may be proven by noting that there is a natural homeomorphism
hofib(x,γ,z)(W → P) ∼= hofib(z,γ)
(
hofibx(h)→ hofibf(x)(g)
)
for each point (x, γ, z) ∈ P . Here γ denotes the path γ(t) = γ(1− t).
The following result follows from Hirschhorn [12, Theorems 13.1.11 and 13.3.4].
Proposition 5.4. A diagram of spaces
X //
f

Y
g

Zoo
h

X ′ // Y ′ Z ′oo
induces a map Φ : P → P ′ between the homotopy pullbacks of the rows, and if f, g,
and h are weak equivalences, so is Φ.
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5.2. Maps between classifying spaces and flat connections.
Consider a principal U(n)–bundle E
π
→ M over a closed, connected, aspherical,
smooth manifold M of dimension d. Fix basepoints e0 ∈ E, m0 ∈M with π(e0) =
m0. We will (implicitly) use connections on E of Sobolev class L
p
k for some fixed
constants p ∈ R, k ∈ N with min(d/2, 4/3) < p <∞, k > 2, and kp > m. Similarly,
we use gauge transformations of E of Sobolev class Lpk+1, so that the based gauge
group G0(E) acts continuously on the space Aflat(E) of flat unitary connections,
with quotient homeomorphic to Hom(π1M,U(n)) (this uses the Strong Uhlenbeck
Compactness Theorem). This quotient map may be identified with the map
H : Aflat(E) −→ Hom(π1M,U(n)),
sending a flat connection A to the holonomy representation of A computed at
e0 ∈ E. A more detailed discussion may be found in Ramras [19, Section 3].
Let Γ = π1(M,m0). We want to compute the homotopy fibers of the map B
studied in Section 4. Choose inverse homotopy equivalences f : M → BΓ and
g : BΓ → M satisfying f(m0) = ∗ and g(∗) = m0 (where ∗ ∈ BΓ is the canonical
basepoint) and choose φE : BΓ→ BU(n) such that g
∗(E) ∼= φ∗E(EU(n)).
Theorem 5.5. In the situation described above, there is a weak equivalence
hofibφE (B) ≃ Aflat(E).
In particular, Aflat(E) is independent of the choice of Sobolev norm up to weak
equivalence.
Proof. We will construct a commutative diagram of the form
(11) Aflat(E)
T //
H

MapU(n)∗ (E,EU(n))
q

HomE(Γ, U(n))
B // Mapg
∗E
∗ (BΓ, BU(n))
f∗
≃
// MapE∗ (M,BU(n)).
Here MapE∗ and Map
g∗E
∗ denote the path components of the based mapping spaces
consisting of maps classifying the bundles E and g∗E (respectively), and MapU(n)∗ is
the space of based, U(n)–equivariant maps. The subspace HomE ⊂ Hom consists of
those representations inducing bundles isomorphic to g∗(E) (in other words, HomE
is the inverse image of MapE∗ under f
∗ ◦B). The map q sends an equivariant map
E → EU(n) to the induced map M → BU(n).
We now define the map T , in analogy with Ramras [20, Proof of Theorem 3.4].
Given a flat connection A ∈ Aflat(E), let ρA = H(A) be the holonomy represen-
tation of A (computed at the basepoint e0 ∈ E). By Lemma 3.3, if we choose a
basepoint m˜0 ∈ M˜ lying over m0 ∈ M , the bundle EρA(M)→M acquires a base-
point [m˜0, In] and admits a canonical flat connection Aρ whose holonomy, computed
at [m˜0, In], is precisely ρ. In addition, there is a canonical isomorphism of principal
U(n)–bundles E
φA
−→ EρA(M) such that φA(e0) = [m˜0, In] and φ
∗
A(Aρ) = A.
The homomorphism ρA : Γ→ U(n) induces a U(n)–equivariant map
E(ρA) : EΓ −→ EU(n)
between the simplicial models for these universal bundles, and E(ρA) covers B(ρA).
Next, f : M
≃
−→ BΓ is covered by a based map f˜ : M˜ → EΓ of principal Γ–bundles.
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Using (6) and part (1) of Lemma 3.1, we may now define maps of principal U(n)–
bundles EρA(M) → EρA(BΓ) → EU(n) whose composition ψA covers B(ρA) ◦ f .
We define
T (A) = ψA ◦ φA ∈Map
U(n)(E,EU(n)).
For trivial bundles E ∼= M × U(n), continuity of T was proven in Ramras [20,
Theorem 3.4] and the general case is similar.
Now consider the following commutative diagram:
(12) HomE(Γ, U(n))
B //
Id

Mapg
∗E
∗ (BΓ, BU(n))
f∗

{φE}oo

HomE(Γ, U(n))
f∗◦B
//
Id

MapE∗ (M,BU(n))
Id

{φE ◦ f}oo
i

HomE(Γ, U(n))
f∗◦B
// MapE∗ (M,BU(n)) Map
U(n)
∗ (E,EU(n)).
q
oo
The map i sends φE ◦ f to a map φ˜E ◦ f ∈ Map
U(n)
∗ (E,EU(n)) covering φE ◦
f : M → BU(n); such a map exists because (by the Bundle Homotopy Theorem)
(φE ◦ f)
∗(EU(n)) = f∗(φ∗E(EU(n)))
∼= f∗(g∗E) ∼= E.
By Gottlieb [8, Theorem 5.6], the space MapU(n)∗ (E,EU(n)) is weakly contractible,
so all vertical maps in Diagram (12) are weak equivalences and by Proposition 5.4,
the induced maps between the homotopy pullbacks of the rows are weak equiva-
lences as well. By (10), the homotopy pullback of the top row is just hofibφE (B),
and the bottom row is the square (11) (minus its upper left corner). To complete
the proof, then, it will suffice to show that (11) is homotopy cartesian.
The vertical maps in (11) are fibrations: for H, see Mitter–Viallet [16] or Fine–
Kirk–Klausen [4], and for q, see Gottlieb [8, Proposition 5.3]. The induced map
between the fibers of the vertical maps is the inclusion of the based Sobolev gauge
group into the continuous gauge group. These spaces are spaces of sections of the
adjoint bundle E ×U(n) U(n)
Ad, so this inclusion map is a weak equivalence by
general approximation results for spaces of sections. By Proposition 5.3, Diagram
(11) is homotopy cartesian. (For fibrations, the inclusion of the fiber into the
homotopy fiber is a homotopy equivalence [11, Proposition 4.65].) 
Proof of Corollary 1.3. This follows from Theorem 1.2 together with the long-exact
sequence in homotopy associated to the (homotopy) fiber sequence
Aflat(E) −→ Hom
E(Γ, U(n))
B
−→ Mapg
∗E
∗ (BΓ, BU(n))
established in Theorem 5.5. Note that for the statement regarding π0(Aflat(E)), we
use the fact that in a fibration sequence (F, f0)→ (E, f0)
p
→ (B, b0), if ∂(γ) = ∂(η)
for some γ, η ∈ π1(B, b0), then γ
−1η ∈ Im (π1(E, f0)→ π1(B, b0)). 
Remark 5.6. Choosing a basepoint A0 ∈ Aflat(E), Theorem 5.5 yields a long exact
sequence in homotopy, whose boundary map is the composition
π∗Map∗(BΓ, BU(n))
f∗
−→
∼=
π∗Map∗(M,BU(n))
∂q
−→
∼=
π∗−1Map
U(n)
∗ (E,U(n))
i−1
∗−→
∼=
π∗−1G0(E)
j∗
−→ π∗−1Aflat(E),
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where ∂q is the boundary map for q (see (11)), i is the natural inclusion, and j
is the inclusion of the orbit of A0. Hence the classes in π∗Aflat(E) described in
Theorem 1.3 are all in the image of π∗G0(E)
j∗
−→ π∗Aflat(E).
Our methods can also be used to identify the boundary map for the holonomy
fibration H with the map B∗, via the isomorphisms
π∗−1G0(E)
i∗−→
∼=
π∗−1Map
U(n)
∗ (E,U(n))
∂−1q
−→
∼=
π∗Map
E
∗ (M,BU(n))
∼=
−→π∗Map
g∗E
∗ (BΓ, BU(n)).
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